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- classical and quantum phase transitions, relation to path integrals
- finite-size scaling to study critical points

Part I

- criticality in dimerized S=1/2 Heisenberg models in 2D, 3D

- valence-bond solids and “deconfined” quantum criticality in 2D
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Part |
- classical and quantum phase transitions, relation to path integrals
- finite-size scaling to study critical points




Classical and quantum phase transitions

Classical (thermal) phase transition

- Fluctuations regulated by temperature T>0
Quantum (ground state, T=0) phase transition

- Fluctuations regulated by parameter g in Hamiltonian
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In both cases phase transitions can be
- first-order (discontinuous): finite correlation length € as g—gc org—gc
- continuous: correlation length diverges, §~|g-gc|™ or §~|T-T¢| "V

There are many similarities between classical and quantum transitions
- and also important differences




Path integrals and quantum field theories
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The path integral maps the quantum
system in D dimensions onto an
equivalent system in D+1 dimensions

The space dimensions can be
taken to infinity; L—o

The time dimension is finite for T > 0
-L:=1/T=8
-Lt=2oowhenT —0

Coarse graining — Continuum field theory in D+1 dimensions
- Important approach for studying phase transitions

Finding the correct quantum field theory can be challenging

- Often difficult to derive rigorously from a lattice-scale model

- Quantum mechanics introduces complications; phases

- Symmetries and dimensionality not always enough! Topological defects...

Solving the field theory is in general difficult
- Important exchanges between field theory and lattice numerics
- classical and quantum Monte Carlo (QMC) simulations




Phase transition, spontaneous symmetry breaking (Ising model)
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Squared magnetization for LxL
1.0

0.8

(a)

<m >

sing lattices

™Y
()
J
-
=
-
s
L
s

—
-
>
-
-

ordered
(size independent)

|7 critical scaling

10 F
‘ (non-trivial
gl (ereli=22 power-law)
10 F oo I'=T :
o—a 7// = 2.30 -
P d|§9rdered
107 ‘“I‘O "‘l'ao Ullf).()() (tr|V|a| pOWGr' 4
7 law 1/N = 1/L)




Finite-size scaling hypothesis
In general there are two relevant length scales

- system length L, physical correlation length §(T) (defined on infinite lattice)
In general physical quantities depend on both

(A) = f(T,L) = g(§, L)

For ¢ << L or £ >> L one argument becomes irrelevant:
IRt er g — g(¢) = f(T)

Close to critical point: §(T) ~ [T-T¢|"V (v is a critical exponent) and when L ~ &T):
RS (D)~ Leg(|T — T.| VL ') = L~ (| T = To|EEE

Use in “data collapse”. Example: susceptibility X = (<m2> B <\m\>2)/T
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Binder ratios and cumulants

Consider the dimensionless ratio

Ry =

We know R2 exactly for N—eo

(m*)

(m?)?

e for T<T¢: P(M)—6(m-m*)+6(m+m”)

m*=|peak m-value|. Rz2—1
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e for T>Tc: P(m)—exp[-m?/a(N)]
a(N)~N-" R2—3 (Gaussian integrals)
The Binder cumulant is defined as (n-component order parameter; n=1 for Ising)

I < Il
T > 1.

2D Ising model; MC results
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Curves for different
L asymptotically cross
each other at T¢

Extrapolate crossing

for sizes L and 2L

to infinite size

e converges faster than
single-size T defs.




Part Il
- criticality in dimerized S=1/2 Heisenberg models in 2D, 3D
- valence-bond solids and “deconfined” quantum criticality in 2D




Starting point: 2D S=1/2 Heisenberg antiferromagnet
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T=0 Néel-paramagnetic quantum phase transition
Example: Dimerized S=1/2 Heisenberg models

e every spin belongs to a dimer (strongly-coupled pair)

® many possibilities, e.g., bilayer, dimerized single layer

=== Strong interactions

g=Jo/J1 | - \Weak Interactions
2
J

Singlet formation on strong bonds = Néel - disordered transition
Ground state (T—O) phases

A = spin gap
v e
B

(1/7

§~1/T

= 3D classical Heisenberg (O3) universality class; QMC confirmed
Experimental realization (3D coupled-dimer system): TICuCls
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SSE calculations to locate the critical point
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Crossing points drift as

the system size is increased
- extrapolations necessary e
- can use (L,2L) crossing points 190

80

gc(L) HeS gc(oo) i aL_b 1.89:—

1.88

IR0

Different quantities give s |

consistent results: gc.=1.90948(4) 000 002 0040 00N :
1L

Knowing gc, we can analyze the ordering process

1 |
Correlations and susceptibility in Fourier space: S; = \/—N Z e o

S(q) = <qu55 ) (static structure factor)

p
x(q) = / dr{S% ,(7)5;(0)) (susceptibility of quantum system)
0

The ordering wave vector is q=Q=(rt,m).

0l S(Q)
O S = 2 )

1 (correlation length)

= (m2) ¢
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Critical exponents from finite-size scaling

It is often necessary to include scaling corrections. At gc:

S(mw, ) =al' ™" +bL?
x (7, ) = al* " 4+ bL?

Do fits at the critical point and close to it (for error estimate)
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(dashed curves: correction terms removed)

Result: n=0.029(3) from S and 0.020(4) from X
- consistent with 3D O(3) (Heisenberg) universality class

13



What’s so special about quantum-criticality?
- large T>0 quantum-critical “fan” where T is the only relevant energy scale
- physical quantities show power laws governed by the T=0 critical point

? 2D Neel t
T high-T', lattice effects == -pararr]egne
“cross-over diagram”
[Chakravarty, Halperin,
Ps Nelson, PRB 1988]
QC A
QC: Universal quantum
G S critical scaling regime
I = 0 Néel order non-magnetic g
—_— >

Changing T is changing the imaginary-time size L::
- Finite-size scaling at gc leads to power laws

G N (correlation length)
@ 7- (specific heat)
x(0) ~T (uniform magnetic susceptibility)
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Test of predictions. Example, susceptibility

x(0) ~T = x(0)/T — constant when T" — 0

This prediction is for the thermodynamic limit
- has to use system size large enough for L=« convergence
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Making connections with quantum field theory

Low-energy properties described by the (2+1)-dimensional nonlinear c-model
- Chakravarty, Halperin, Nelson (1989), Chubukov, Sachdev, Ye (1994)

Expand O(3) order-parameter symmetry to O(N), large-N calculations
T>0 properties at quantum-critical coupling (N=3):

1.0760 12 - 1.20206
— E(T) = E, - T3
X(T) el o (T) ) Hrc?

QMC results for bilayer model: gc = 2.5220(1), c(gc)=1.9001(2)
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T and T° prefactors agree with theory to within 3%
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Quantum and classical criticality in a dimerized 3D Network of dimers

guantum antiferromagnet - couplings can be

P. Merchant!, B. Normand?, K. W. Kramer3, M. Boehm?, D. F. McMorrow' and Ch. Riiegg">®* Changed by pressure
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Universality of the Neel temperature in 3D dimerized systems?
[S. Jin, AWS, PRB2012]

Determine the Neel

ordering temperature m mj
Tn and the T=0 m mr
ordered moment

: a b
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Couplings vs pressure not known experimentally
- plot Tn vs ms to avoid this issue and study universality

- but how to normalize Tn?
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- weaker copling J1
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- peak T* of magnetic susceptibility
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T* normalization is in principle accessible experimentally

- some experimental susc. results available Merchant et al (2014)

- neutron data analyzed with this normalization P
| ! | T | T T
< 0.4
0.8 I Jin and Sandvik (2012) . -
i i 0% 5 03
. 06F o - =
St g 9
B‘ 04 [ — I\Z 02
02 | y 0.1t
) (c)
0.0 ' | ' ' ' ' ' ' ! 0.0 . . .
0 0.1 0.2 0.3 0.4 0.0 0.2 0.4 0.6
e m. (ug per Cu®")

Universality is not a feature of quantum-criticality

- extends far from the quantum critical point

- linear behavior is expected from semiclassical theory
(decoupling of quantum and thermal fluctuations)

- deviations show coupling of qguantum and thermal fluctuations
(high Tn, high density of excited spin waves)

Same features observed in models and experiment
- experimental slope about 25% lower of g-factor 2 assumed
(what exactly is the g-factor?)
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More complex non-magnetic states; systems with 1 spin per unit cell

(1,d)
e non-trivial non-magnetic ground states are possible, e.g.,

= resonating valence-bond (RVB) spin liquid
= valence-bond solid (VBS)

Non-magnetic states often have natural descriptions with valence bonds

RVB
Z ﬁ/— = (Til; — LiT;)/V2

The basis including bonds of all lengths
IS overcomplete in the singlet sector

* non-magnetic states dominated by short bonds
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Frustrated spin interactions
Quantum phase transitions as some coupling (ratio) is varied
e J1-J2> Heisenberg model is the prototypical example

H:Zszgzgj 5 g:J2/J1

e Ground states for small and large g are well understood
» Standard Néel order up to g=0.45; collinear magnetic order for g>0.6

(a) —<|> ‘ S ‘— (b)
—@
-0
0<g<045 0.45 < g < 0.6 g>0.6

* A non-magnetic state exists between the magnetic phases
» May be a VBS (what kind? Columnar or “plaquette?)
» Some calculations (interpretations) suggest spin liquid

{
h

FanY
Ny

@

O—@
Y
\I/

e 2D frustrated models are challenging
» QMC sign problems (non-positive-definite weights in path integral)
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VBS states and “deconfined” quantum criticality
Read, Sachdev (1989),....,Senthil, Vishwanath, Balents, Sachdev, Fisher (2004)

e — JZSISJ Slie 2 Gl
(1,j)

Neel-VBS transition in 2D

e generically continuous

e violating the “Landau rule”
stating 1st-order transition

Description with spinor field
(2-component complex vector)

A

order parameter

®=720,425 gauge redundancy: 7z — "7z
f 1
S, = /dzrdr (0, —iA,)zo > +slzo|* + u(|z4]?)* + z_ez(g“”a”A*)z}
5 0
Ais a U(1) symmetric gauge field e CP' action (non-compact)

e large-N calculations for CPN-' theory

- proposed as critical theory separating Neel and VBS states
- describes VBS state when additional terms are added

Competing scenario: first-order transition (Prokof’ev et al.)
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VBS states from multi-spin interactions (Sandvik, 2007)

The Heisenberg interaction is equivalent to a singlet-projector

Ci;=1-58,-5,

4
t
e Wwe can construct models with products of singlet projectors
e no frustration in the conventional sense (QMC can be used)
e correlated singlet projection reduces the antiferromagnetic order

- . ’>_(._.(.H ‘1°1° PP + all translations
—— g o, B . B ool Il and rotations

The “J-Q” model with two projectors is
sl —JZCM = Q Z Cijckl
(27) (¢jkl)
e Has Néel-VBS transition, appears to be continuous

* Not a realistic microscopic model for materials
¢ [ntended to study VBS and Neel-VBS transition (universal physics)
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T=0 Néel-VBS transition in the J-Q model

Ground-stae projector QMC calculations
(Sandvik, 2007; Lou, Sandvik, Kawashima, 2009)

VBS vector order parameter (Dx,Dy) (X and y lattice orientations)

e [
Dy = S-S5, D, = N > (=1)¥8; - Sipg
==l =

Néel order parameter (staggered magnetization)

| 3 HAH A

P Ti+Yq
M=) (-1)™+g, A A
7 4 /,1 o4 ,«1
No symmetry-breaking in simulations; study the squares # g

M? = (M-M), D?®=(D.+ D2
Finite-size scaling: a critical squared order parameter (A) scales as
e = 0= el (g — g ) LYY coupling ratio

Data “collapse” for different system 18— Q@
sizes L of AL'*" graphed vs (q-qc)L'"V J+ @
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J-Q2 model; qc:=0.961(1)

e=(.35(2)
= 20(2)
a6 (1)
J-Q3 model; q.=0.600(3)
= 35(2)
e 0.20(2)
E—(169(2)

Exponents universal
(within error bars)

Comparable results for
honeycomb J-Q model
Alet & Damle, PRB 2013

Dimer expansion calculations;
strong fluctuations, hard to
reproduce QMC results

D. Yao et al., PRB 2009
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T>0 Paramagnet - VBS transition

4 expected phases and cross-overs What is the nature of
.

the T>0 critical(?) curve
(universality class)?
S. Jin, A. Sandvik, PRB 2013

QC

The VBS pattern can be
arranged in 4 different ways
(translate, rotate)

, ° Zs symmetric order param

RC VBS

T=0 Neel

0/J

Scenarios for 2D Z4 symmetry-breaking (conformal field theory, CFT):

v—2/3 n=1/4 V. Sl e
4-state Potts Ising
Ashkin-Teller and J1-J2 Ising models

UV — OO n=1/4 vy — 1
XY (KT trans.) Ising

XY-model with cos(40) term

But a previous study found v=0.5 for J-Q2 model at J=0:
- Tsukamoto, Harada, Kawashima, J. Phys. Conf. Ser. 150, 042218 (2009)
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QMC study of J-Q3 model at T>0
- T¢ higher; further away from T=0 quantum-criticality

QMC calculations of the VBS correlation length
Using VBS real-space susceptibilities

B
e / 47(Chy (7)C, (0))

Fourier transform to XVBS(Qaz» Qy)

Two correlation lengths of the order parameter
- parallel and perpendicular to ordered bonds &

Second moment (g-space) definitions:

e L /x¥ss(d0) o L /xX¥ss(@0) n{»‘}
2 Xvps(d1) 7 2\ XVps(a2) 7 ,
(m

qo = (m,0), q1 =

0

XVBS = X%/B8<q0)'

Tﬂ ) and q2 = (7T7 2%) 0 ] i
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Finite-size scaling: &/L size independent at T¢
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L L
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30
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028}
0.26
0241, :,
022F ° &, (b) -
0.00 0.05 0.10
1/L

: Q3/J =5

Alternative way: find T=T.; where Xvss ~ L2, a=2-n

(T=0253)

10.012
10.008

10.004

L=12,24,48, 96 -

(b)

020 025 030
T/Q,

Q3/J =5

Gives same T.
and n=0.250(1)
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Data collapse to extract correlation-length exponent v
- plot size-normalized Xvas vs tL1V, t=(T-T¢)/T¢
- exponent v adjusted for best scaling collapse

0.04
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Collecting the key results:

0.30

0.20

0.10

0.00 —

n very close to 1/4 (<1% deviation) for all cases studied
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Procedures become difficult for low T¢
e larger scaling corrections — larger system sizes
* QMC simulations more time-consuming for low T

Results show Ising - XY (KT) critical curve realized (c=1 CFT)

Note: Limits T—0 and L = do not commute
e L — oo first gives 2-dim KT transition
T — O first gives (2+1)-dim DQC universality class
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