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1. The Hamiltonian of the electron-nuclei interacting system and the basic
expressions for wave functions.

The Hamiltonian of the electron-nuclei interacting system is given as

H=T,+ T, +V,+V,p, (S1)

where T and V stand for kinetic energy and potential energy respectively. The subscripts
indicate the electron (e) and the nucleus (n). Herein we have employed the single
electron approximation, in which only one electron excitation is considered, so the
interaction potential energy between electrons V,, can be omitted.

In the weak electron-photon coupling limit, it is convenient to use Born-
Oppenheimer adiabatic approximation to separate the electronic and nuclear motions.

Then, the wave functions (¥') can be written as a product of electronic (¢) and
vibrational (y) wave functions, i.e. Wi, (7, R) = ¢i(T, R) i) (R). We respectively

denote the electron and nuclei coordinates by r and R, and electronic and vibrational
state quantum number by [ and m. The corresponding eigen-energy for wave function

is represented by Ej,,,. Here the electronic wave function ¢; satisfies
[Te + Ven]d)l(r: R) = El(R)d)l(r, R)F (Sz)

and the vibrational wave function Y.,;)(R) obeys
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[T, + Wi (R) | xma)(R) = Epnxim(R), (S3)
where W,(R) is the effective nuclear potential energy.! According to harmonic

approximation, the vibrational wave function can be written as

Xmp (R) = Hl%lllxmk;l(Qk;l)- (54)
The quantities Q introduced above are normal coordinates, describing independent
simple harmonic vibrations, and k stands for normal modes. The vibrational eigen-

function Xp, ., (Qy;) satisfies the harmonic oscillator equation and can be specifically

expressed as
1
Xy = NomgtHmy (i1 Quer) exp (—gak;zsz;lz), (S5)
where ay,; = (Ma)k;l/h)l/z and N1 = [ak;l/(zmkmk!\/ﬁ)]l/z . Wiy s the

vibration frequency; Hp, is the Hermite polynomial of order m.

2. The radiative decay rate.'
The interaction Hamiltonian inducing the radiative decay is written as
Hygq = —p - E, (S6)
where u=e),r, is the electric dipole moment of the electrons. Under low-

temperature limit, the expression of the decay rate then reads

kR(i - f) = Z%Za Zml(fm' apthradIi(); 0ph>|2 S(Eio - Efm - Egh)r (57)

where 0, describes the initial no photon state and @, describes the final one

photon states. Egh is the photon energy. i and f refer to the initial and final
electronic states, while m’ =0 and m are the quantum number of the vibrational
states in the initial and final electronic state respectively. Further evaluation needed is
eliminating the photon state. Through the quantization of electromagnetic fields, the
electric field operator can be written as

E=E® +EO, (S8)
where

E® = Y erspapae e, (59)
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E®™ is the positive frequency part and the negative frequency part EC) = (E¢)T. k

and A describe the wave vector and polarization of the photon separately. a; is the

ey . . , hck .
photon annihilation operator. The amplitude &, =i ZZ =, where Q,n 1s the
ph

quantization volume for the photons. The polarization vector e, satisfy

Kak
Yi=12€108 = Sap — > (510)

where &, is the Kronecker delta; a, b stands for Cartesian coordinate. Substituting

the electric field expression into eq S7 yields

. h *
k(i = £) = 2200 22 X Bapmlla)(ith) €2aeas 8(Eio — Epm — hick),  (S11)

-Qph
where (u) = (fm|uli0). £2,, canbe chosen large at will, therefore we replace Y by

Zpn J a0y [ k*dk. Using eq S10 and [, d2(8ap — k;’;b) = 8?”, we finally obtain

(2m)?

k(i = f) = 2 Tl (FmIpliON? (Eig — Epm)?, (512)

where [(u)|? = X4|{14)|?. Note that in the absence of vibrations eq S12 boils down to

4ko® ()|

the well-known spontaneous emission rate , where kg = To and w, is the

transition frequency.

Using Born-Oppenheimer adiabatic approximation and harmonic oscillator

approximation, eq S12 turns to

4
3h%c3

k(i = F) = == Loma (@7 1010:) | Tl F(Fmies 10,0) (Eio, — Epmy ), (S13)

The Franck-Condon factor is defined by

Lo 2 2
F(fmy; im') = |(Xmee | X )| = 1) dQucXimy s (Qu) Xy i Qi)™ (S14)
This factor measures the degree of vibrational overlap of the initial and final states. For

displaced and undistorted oscillators, when m’ = 0 the Franck-Condon factor can be

reduced to?

F(fmy; i0;) = eSS0k (515)

mk!

2
Sk = % is the Huang-Rhys factor defined to measure the electron-phonon coupling

strength and 4, is the dimensionless displacement in the potential energy curves.

According to eq S15, the Franck-Condon factor F(fmy;i0;) is maximum when
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Xm, s 18 a nodeless solution, i.e. m; = 0. This implies that corresponding radiative

transition is governed by the 0-0 transition, in which the Franck-Condon factor is

estimated as 1. In this case, eq S13 can be simplified to
. 4 2
k(i = ) = oo [(¢rle Ze el )| "4E3. (516)
Using Condon approximation, i.e., (gbf(r, R)|ul|o;(r, R))e is independent of R, the

electronic coupling element in eq S16 equals to

J = (oy(r, RO ulg:(r, RY)) , (517)
where R° denotes suitably chosen equilibrium position of the ions. Then we have
kr(i— f) = 41 AE3 (518)
R 3h*c3 '

3. The nonradiative decay rate.'

To describe the nonradiative transition between different electronic states, we
introduce the non-adiabatic operator (AH) which contains the nuclear vibrational energy.
When we apply the Hamiltonian H to ¥ = ¢y, we obtain HyYy, = EjWim, Where
H, 1is the zeroth-order adiabatic part given by Hy = H — AH . The perturbation
operator AH 1is responsible for inducing the nonradiative transition, depicting the

effect of nuclear coordinate shifts on the electronic wave function:

AHd)le(l) = Zan:;_jl (a:: qbl(r: R)) (6:7)("‘(1) (R)) . (519)

Here a depicts Cartesian coordinate component, M,, is the mass of nucleus n, and
R, is the coordinate component of the nucleus n. AH here is reserved to the first

order. In the normal coordinate representation, AH can be expressed as:

i d
AH P X, = _Zkﬁ(a_de)l) (a—Qk)(mk), (520)
where M is the geometric mean of nuclear masses. A typical level spacing of the final

states d 1is used to estimate the density of final states, replacing the § function in the

Fermi golden-rule. The & function in Fermi golden-rule can be approximated as

Ym0(Eio — Erm) =pg = g, where pg is the density of final vibrational states and G
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is the number of vibration states in the energy region |Ei0 —Efml < %d. The
nonradiative decay rate then turns to

2mh3n

2
. a
kng(i = f) = — = 2 (|]l’} <kaf |3—Qk| XOki> | P <ka/f|X0kvi>| ) (S21)
where 7 is the correction factor for the non-Condon effect and the electronic part of

kygr in Condon approximation is defined as
k o— 9 .
Ity = (er sl ¢4) - (522)
It is extremely inconvenient to calculate the sum of all normal modes k. Assuming
that the dominant contribution to the transition comes from a few maximum frequency

modes with zero values of Huang-Rhys factor as promoting modes, promoting modes

k), and accepting modes k, are employed for simplicity. Promoting modes with the

largest ]l-’} have the main contribution to kyr and the remaining accepting modes
take up the energy difference AE — hwkp, where AE = E; — Ef is the energy gap and
Wi, is the vibration frequency of the promoting mode. For any promoting mode,
energy conservation law preserves, which reads AE = hcukp + mehwyg, . my =

Ykg* kp M, counts the total vibration quanta of all accepting modes.

Supposing that there are only several promoting modes designated by p, the

), (523)

According to the properties of Hermite polynomials in vibrational eigen-functions X,

nonradiative decay rate can be written as

kep

]if

0
0Qk,

Xnpe, f

k ~ 211'h3n P
NR sz kpzl mkp

XOkpl'> l_[kaikp <kaaf|X0kai>

(eq S5), the cross-products appearing in eq S23 vanish. Then kyp turns to

0
0Qk,

k _ 27'[1’137] P kp
NR ™ gmz “kp=1 ]if

2
XOkpi> l_[kaika(fmka; ioka)- (S24)

2
kapf

According to eqs S5, the squared matrix element about the promoting mode in

electronic part can be written as:
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mkp

X

My, f

(S25)

2 5 Sk
9 . kap (mkp—Skp) e PSkp
2 Xo,.

Qkp P

For promoting modes with Sj = 0, the matrix element eq S25 will vanish unless

2h Skp mkp!

my,, = 1, which indicates each promoting mode consumes only 1 phonon. Then the

2
Mwp, .
— Thus, eq S24 is

squared matrix element reduces to

ka f’( )XOk i
simplified to

h?
kg == "ka_l |] | Wi, Miegiey, F (f Mg 101, (526)
It should be noted that, unlike the other sections, in this section (SI-3) the subscript a

refers specifically to the accepting modes.

4. The comparison between the energy gap law in our paper and that proposed by

Jortner et al.’
mg

Through a multinomial expansion (Z"m;f)m = Yoz me=m] Lk fnk_k' and eqs S14, S15,

we find

Md m!

flz sm =S
kg = ﬂ( r el —e) (S27)
One uses Stirling's approximation m! = m™+/2mrme™™ to obtain'
v = [Z 2 (5 L ] o) esemare, (S28)
The number m, = Y, ™My, counts the vibration quanta of accepting modes. Under

the weak coupling limit, i.e. S =) S, < 1, we have

kNRz L ( o = ] wk)e YaMa
\’ a Md 14 1 | | (529)
<) -1,
Moreover, the energy gap law proposed by Jortner et al. is given by?

W = ﬂcze‘yb(ﬁ)—i)
hhopyAE (530)
AE
v =log (35) — 1
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where dey = %ZthMAMZ and

0

m (S31)

Based on the promoting and accepting modes assumption in the weak coupling limit

k
C= Z£p=1]ifp <kapf

under low temperature, both eq S29 and eq S30 are derived from the Fermi golden-rule

in adiabatic approximation:

2
KGO = ) = 2 5,0 | (b 1H160) (Tl Xom, (@0 1HITLe Xo, (@) 8(Bro = Brm,)-
(832)

There is consensus that in the weak coupling case the nonradiative decay is dominated

by the highest frequency modes w,,.>* Therefore, it is obviously that m, o hATE and
M

d .. . . . .
S« hwﬂ, giving the comparative relations listed in Table S1.
M

Table S1. Comparison of eq S29 and eq S30 with their initial equation: Fermi golden-

rule.
Fermi golden-rule Equation S29 by Equation S30 by
(AH - %) Schuurmans ef al.! Jortner et al.’
k
(7 Hli) Jif Ji
0 M(l)k d
<kaf (m)xokl) 2% <kaf (a_Qk)XOki>
., ~YaMaq
F(fmy;im") ¢ e"’b(hi—EM)
Vm £
AE VAE
m, X h—
WM Yb X Ya

6(Eio — Erm,)

The § function is

approximated by the typical

The § function is

eliminated by the

density of the final states (%). generating function

method.

Obviously, eq S29 and eq S30 are basically the same, while eq S30 has a wider
range of applications.” * Practically, the above two formulas can be written to a rougher

form according to the experimental experience where kyg has an exponential trend
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with respect to the energy gap AE . The Frank-Condon factor can be directly

approximated by a semi-empirical exponential function, i. e.

nh?

kg = W( - Ins | Wi )exp(y(AE + 8E)). (S33)

y and SE are the coefficients in the exponent, which can be obtained by experimental
fitting.!

5. The detailed derivation of eqs 6, 7 and 9 in the main text.
(a) The well-known velocity form of the electronic coupling element in the
radiative decay rate.

We denote the Hamiltonian corresponding to the electronic wave function as Hg,
ie. HS¢, = (Te + V(r, R))qbl = E;¢;. The derivation employs the commutability

between ). 1, and V(r, R), and then we have
[Hg' Ze re]¢l = [T, +V(r,R), Ze Tl = [Te, XeTelp =
a2 a2
[ Zae ar z'Ze re] b = (Zaee Tes 2 21— Za,e,e'ar_,zre (:bl) =

ae ae ae
72 d

0% 0
_(Za,e,e're ar 2 ¢l - Zae'arae, d)l - Za,e,e'arae ( re ar, d)l))

2me ae

32

n? ] o # ]
%(Za,e,e’re W(pl —2 Zae’ar_‘w ¢l - Za,e,e're Wﬁbl) - _m_82aear_ae¢l
That is
52
[HS, XeTeld = _m_ez:e Vre b1 (S34)

Using ¢,(r,R) = (Ell)ng)l(r, R) and eq S34, we have

b) =

e

(t18eTeltn), = = {ds] Sere HED), == (@7 |(H8 Zere + 25,7,
L (| Beme di), + e (7| Vi),

Defining AE = E; — Ey, after organization the above formula can be reduced to

(b ZeTeldr), = oz (]2 7| ) (S35)

which is called as the velocity form.
(b) The acceleration form of the electronic coupling element in the radiative decay

rate.

In view of the commutability of T, with V., we obtain
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[Ze Vre ’ Hg]d)l = [Ze Vre V(r, R)]d)l
=Ye Vre w(r, R)¢l) —V(r,R) De Vre o)
= (2 7,V (@, R)) . (S36)

Similarly using ¢;(r, R) = (Eil)ngbl(r, R) and eq S36 gives

(¢r1Ze Vrld0), = 27 (972 7V (. R)|$0),, ($37)
which is called as the acceleration form.
(c) The acceleration form of the electronic coupling element in the non-radiative
decay rate.

Correspondingly, the nonradiative decay rate can also be transformed into the

equivalent acceleration form. In view of the commutability of T, with Py , we obtain

an important relation

[Zn VRn ’ Hg]¢l = [Zn VRn ’ V(T, R)]¢l
=2n Vr, V(@ R)¢) —V(r,R) X, Vr, D1

= (ZnV, VO R)) 1 + VI, R) 50 Vi, b1 — VI, R) 50 Vi, 1
= (2n V2, V& R)) 1. (S38)
Employing ¢;(r,R) = (EL)HO(]bl(r, R) and eq S38, we obtain the acceleration form
l

for the nonradiative decay rate:

(6] Zn Vi, 1), = 5= (7|20 Vi, VI RO ) . (S39)

6. The potential energy curves and coordinate transformation relations.
As mentioned above, the vibrational wave function yxp,q)(R) satisfies the
Schrédinger equation

[ Za n= 121\/21 6R +Wl({Ran})]Xm(l)({Ran}) Elm(l)Xm(l)({Ran})r (540)

where a depicts Cartesian coordinate component. Expand W;({R,,}) into a Taylor

series according to

Wi (R) = W, (R}) + = Zvl L Chuyauay, (541)

where u,,; =R, — RB;Z. It is common to introduce the harmonic approximation in
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computing vibrational wave functions, therefore we introduce two successive

M _
= \/M:vuv;l, (542)

W, = YN, A3,Qp,- (S43)

transformations:

and

The quantities Q,; introduced above are the normal coordinates, describing

independent simple harmonic vibrations. Through the coordinate transformation, the
effective potential energy surface W;(R) is transformed into the sum of the potential
energy of classical harmonic oscillators. Substituting the above two transformation

relations into eq S40, one obtains’

(X3, H)) xmay = (Elm(l) - Wz(R?))Xm(z), (S44)
where
;1 92 1 2
Ho = snaqz, T2 et Qou (545)
and
— (Al - l M l
Cpil = (Avp) 12/1 Cvl \/TMAAAP (546)

Equation S44 is the Schrédinger equation for simple harmonic vibration. Therefore, the

coordinate transformation relations between @ and R, are given by

, M
Ron — Rgn = M_nZiglAan;ka . (547)
Agn. 1s the coordinate transformation matrix element. Employing the chain rule for

derivation of compound functions, for an arbitrary composite function f we have
of , M af
90k - Zan M, Aan;k ORgn (548)

7. The evaluation of E,,"®".
ov(r,R)
ORan

The electronic interaction term defined by E,,(R) = <¢f| |¢)i>e will
change to E,,"®"(R) with the new potential energy V™%W(r,R) =V(r,R) +

AV(r,R) . Through the relationship between gradient operator Vp and partial

derivative operator
an
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Ve, (AV (T, R)) = S (22 (549)

ORgn

and (¢f|2n Vg, (AV(r, R))|¢i> x <¢f|2an(“V(T, R)nan)lqbl-) (eq 17 in main text),

we have
av™W(rR) _ av(r,R) , 0(av(r,R)) _ aV(r,R)
R oR.. R 9R.. + aV(r,R). (S50)
Correspondingly the new electronic interaction term is
AVTeW (r R)
Ean™ (R) = (87 [  )
oV (r,R)
= (ot 520 1)+ (dlav @, RIg),
an e
= Ean(R) + (¢7laV (r, R)|¢;) . (S51)

Please note that SI-1, SI-2, SI-3 and SI-6 are all cited from ref 1 below. For further
details, please refer to ref 1.
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