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Decomposition of multilayer superconductivity with interlayer pairing
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We prove that multilayer superconductivity with interlayer pairing may naturally decompose into a series
of weakly coupled bilayer and trilayer superconducting blocks in order to minimize its total free energy.
Our work is motivated by the recent proposal of interlayer pairing induced by the interlayer superexchange
interaction of nearly half-filled dz2 orbitals in the bilayer and trilayer nickelate superconductors. We explore
general properties of interlayer pairing superconductivity and perform systematic Ginzburg-Landau analyses
of an effective multilayer model. For real materials, our results imply strong superconducting order parameter
modulation and a short coherence length along the z axis (perpendicular to the layers). This reveals a unique
feature of multilayer superconductivity with interlayer pairing and provides a basic framework for future
experimental and theoretical investigations.
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The layer structure greatly influences the properties of
unconventional superconductors. In cuprates, Tc reaches its
record-high value in trilayer systems [1,2], leading to the
belief that multilayers may somehow promote the electron
pairing. But in the recently discovered multilayer nickelate
superconductors, the maximum Tc is reduced from about 80 K
in bilayer La3Ni2O7 to 30 K in trilayer La4Ni3O10 [3–9]. It has
been shown that this opposite trend may be caused by their
distinct pairing mechanisms, namely, intralayer pairing in
cuprate superconductors and interlayer pairing in the bilayer
and trilayer nickelate superconductors, owing to the different
orbitals responsible for their pairing interactions [10]. While
the cuprates have nearly half-filled dx2−y2 orbitals with a dom-
inant in-plane superexchange interaction [11], the bilayer and
trilayer nickelates are governed mainly by the nearly half-
filled dz2 orbitals with an interlayer superexchange interaction
mediated by apical O [12,13], which supports interlayer pair-
ing for the superconductivity through hybridization with the
nearly quarter-filled metallic dx2−y2 bands [14–16].

Experimentally, the Ruddlesden-Popper (RP) phase of
nickelates, Lan+1NinO3n+1, provides a material basis for
studying the interlayer pairing superconductivity. Besides the
bilayer and trilayer structures, other members (n = 4, 5,∞)
have also been grown [17,18], but superconductivity has not
yet been reported, which possibly requires very high pres-
sure. Other factors, such as the valence, oxygen vacancy
[19,20], and layer imbalance [21,22], might also critically
influence the superconductivity. These are chemical properties
that cannot be easily avoided and require tremendous efforts in
material tuning. Nevertheless, interlayer pairing superconduc-
tivity represents a future direction potentially different from
intralayer pairing superconductivity such as the cuprates, and
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has rarely been explored. It is therefore intriguing to inves-
tigate the general properties of multilayer superconductivity
with interlayer pairing to provide some theoretical insight
beforehand.

Quite unexpectedly, we find that multilayer supercon-
ductivity with interlayer pairing has a natural tendency to
decompose into bilayer and trilayer superconducting blocks
separated by nonsuperconducting blocks. This leads to a
strong order parameter modulation along the z direction per-
pendicular to the layer plane. A small interlayer hopping may
induce a weak Josephson coupling between these decoupled
superconducting blocks, so that the whole structure may be
viewed as a series of weakly coupled bilayer and trilayer
superconductors. Our observation provides a basic framework
for future explorations of multilayer superconductivity with
interlayer pairing.

We start with the following effective two-orbital multilayer
t-V -J model as illustrated in Fig. 1 [10,14–16],

H = −
∑
li js

(ti j + μδi j )c
†
liscl js −

∑
li j

Vi j (c
†
lisdl js + H.c.)

+ J
∑

ai

Sai · Sa+1,i − t⊥
∑
ais

(d†
aisda+1,is + H.c.), (1)

where dlis and clis represent the local pairing orbital and the
metallic orbital, respectively, Sli = 1

2

∑
ss′ d†

lisσss′dlis′ is the
spin density operator of the pairing orbital, ti j and μ are the in-
plane hopping and the chemical potential of the metallic band,
Vi j is the renormalized in-plane hybridization between two or-
bitals, t⊥ is the renormalized interlayer hopping of the pairing
orbital, and J is the interlayer superexchange interaction. We
use l = 1, . . . , L to denote the layers and a = 1, . . . , L − 1.
A constraint may be applied to exclude the double occupancy
on the local orbital. The model is motivated by the bilayer
and trilayer nickelates, but our results can be easily extended

2469-9950/2024/110(10)/104507(6) 104507-1 ©2024 American Physical Society

https://orcid.org/0000-0002-6702-6091
https://ror.org/05cvf7v30
https://ror.org/05qbk4x57
https://ror.org/020vtf184
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.110.104507&domain=pdf&date_stamp=2024-09-10
https://doi.org/10.1103/PhysRevB.110.104507


YI-FENG YANG PHYSICAL REVIEW B 110, 104507 (2024)

FIG. 1. Illustration of the t-V -J model for multilayer supercon-
ductivity with interlayer pairing, where t is the hopping parameter of
the metallic band, J is the interlayer superexchange interaction of the
local pairing orbital, and V is their hybridization.

to general multilayer superconductors with interlayer pairing
beyond this particular model.

For clarity, we ignore other complications and only focus
on the superconductivity. The superexchange term is decou-
pled as

JSai · Sa+1,i →
√

2
(
�̄

(a)
i �a

i + �̄a
i �

(a)
i

) + 8�̄
(a)
i �

(a)
i

3J
, (2)

where �a
i = 1√

2
(dai↓da+1,i↑ − dai↑da+1,i↓) denotes the local

interlayer singlet in the ath block between the ath and (a+1)th
layers and �

(a)
i is the corresponding pairing field. Ignoring the

imaginary time dependence of the auxiliary fields, �
(a)
i (τ ) →

�
(a)
i , we obtain the action in the Nambu representation [23],

S =
∑

n

ψ̄n(−iωn + O)ψn + 8β

3J

∑
ia

∣∣�(a)
i

∣∣2
, (3)

where O is a matrix given by the model parameters and the
auxiliary fields and

ψ̄n = (c̄1↑, c2↓, . . . , c1↓, c̄2↑, . . . , d̄1↑, d2↓, . . . , d1↓, d̄2↑, . . .),
(4)

with

c̄ls = {c̄l1s(s̃iωn), . . . , c̄lNs(s̃iωn)},
d̄ls = {d̄l1s(s̃iωn), . . . , d̄lNs(s̃iωn)}. (5)

Here, ωn denotes the fermionic Matsubara frequency, s̃ = 1
(−1) for s =↑ (↓), and N is the total number of lattice sites.
Integrating out the fermionic degrees of freedom gives the
effective action of the pairing fields alone:

Seff
({

�
(a)
i

}) = 8β

3J

∑
ia

∣∣�(a)
i

∣∣2 −
∑

n

Tr ln (−iωn + O). (6)

The above formula may be further simplified, but numeri-
cal simulations are still too heavy for large L and N . For
simplicity, we perform the Ginzburg-Landau (GL) analysis
for uniform static pairing fields: �

(a)
i → �(a). The GL free-

energy density can be derived straightforwardly from the
effective action, fGL = Seff/βN , and takes the perturbative

form [10]

fGL = f (0)
GL + f (2)

GL + O(t4
⊥)

=
∑

a

[c1|�(a)|2 + c2|�(a)|4 + 2c2|�(a)|2|�(a+1)|2

−h(�̄(a)�(a+1) + c.c.)], (7)

where c1 and c2 are temperature-dependent constants de-
termined by the model parameters, and h ∝ t2

⊥ represents
the interlayer Josephson coupling. The sum is over a =
1, . . . , L − 1 and we have introduced artificially |�(0)|2 =
|�(L)|2 = 0 as the boundary conditions. The detailed forms of
ci and h depend on the model parameters and are given in the
Supplemental Material [23]. By now, controversies still exist
on the electronic structures and pairing mechanisms of the
nickelate high-temperature superconductivity [14–16,24–45],
but our conclusion is robust as far as only the interlayer pair-
ing is concerned, although parameter tuning may destroy the
superconductivity and invalidate our starting point.

To simplify the analyses, we first ignore h and minimize
fGL by ∂ fGL/∂�̄(a) = 0. This gives L − 1 equations for the
superconducting order parameters �(a),

�(a)(−c0 + |�(a)|2 + |�(a−1)|2 + |�(a+1)|2) = 0, (8)

where c0 = −c1/2c2 > 0 in the superconducting phase. It is
not straightforward to write down immediately the GL solu-
tions. For clarity, we discuss below how to obtain them step
by step. Our conclusion is that multilayer superconductivity
with interlayer pairing for L � 4 will decompose into weakly
coupled bilayer and trilayer superconducting blocks. For even
L, it decomposes into L/2 separated bilayer blocks, while for
odd L, it decomposes into (L − 3)/2 bilayer blocks and one
trilayer block.

Our proof contains several steps.
(1) For the bilayer model L = 2, there is only one block

satisfying �(1)(−c0 + |�(1)|2) = 0, which has two solutions,
�(1) = 0 and |�(1)|2 = c0. For c0 > 0 (c1 < 0), the latter so-
lution has a lower free-energy density, fGL = −c2

1/4c2, which
gives a mean-field solution of the superconductivity with in-
terlayer pairing in the bilayer nickelate.

(2) For the trilayer model L = 3, there are two order pa-
rameters, �(1) and �(2), satisfying two GL equations,

�(1)(−c0 + |�(1)|2 + |�(2)|2) = 0,

�(2)(−c0 + |�(1)|2 + |�(2)|2) = 0, (9)

which give four candidate solutions,

(a) �(1) = 0, |�(2)|2 = c0,

(b) �(2) = 0, |�(1)|2 = c0,

(c) |�(1)|2 + |�(2)|2 = c0,

(d) �(1) = �(2) = 0, (10)

with the free-energy density fGL = 0 for (d) and fGL =
−c2

1/4c2 for all three others. Among them, (a) and (b) are
special cases of (c). They all have the same free-energy den-
sity as the GL solution of the bilayer model. The uncertainty
in (c) was first observed in our previous Monte Carlo sim-
ulations, revealing unexpected superconducting frustration
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between two blocks, which is a unique feature of the trilayer
model. Introducing a small h fixes the uncertainty to |�(1)|2 =
|�(2)|2 = c0/2 at sufficiently low temperature, whose reduced
magnitude explains the reduction of Tc in the trilayer nickelate
[10]. Unlike cuprate superconductors where the pairing occurs
within each CuO2 layer and the Tc is maximized in the trilayer
structure, its reduction here reflects a fundamental distinction
of the interlayer pairing superconductivity, where the two
outer layers compete to form spin-singlet pairs with the same
inner layer.

(3) For any finite L � 4, we first prove that its GL solution
must contain nonsuperconducting blocks. If �(a) 
= 0 for all
L − 1 blocks, Eq. (8) would reduce to

−c0 + |�(a)|2 + |�(a−1)|2 + |�(a+1)|2 = 0. (11)

Applying this to two neighboring blocks, we obtain immedi-
ately |�(a)|2 = |�(a+3m)|2 for all a and integer m satisfying
0 � a + 3m � L, so that the superconducting order parame-
ters must repeat periodically every three blocks. The boundary
conditions, |�(0)|2 = |�(L)|2 = 0, then require |�(3m)|2 =
|�(L−3m)|2 = 0 as long as 0 < 3m < L. For finite L � 4, we
have m = 1 and |�(3)|2 = |�(L−3)|2 = 0, which violates our
assumption that all �(a) are nonzero. We therefore conclude
that the GL solution for any finite L � 4 must contain at least
one nonsuperconducting block.

(4) Since each block is coupled only to its neighboring
blocks in the free energy Eq. (7), a nonsuperconducting block
splits the multilayer superconductivity into two decoupled
subsystems if only the superconductivity is concerned. Each
subsystem as an independent multilayer model must also con-
tain nonsuperconducting blocks if the number of its layers is
greater than or equal to 4. This splits the subsystems until
the whole system completely decomposes into a series of de-
coupled bilayer and trilayer superconducting blocks separated
by nonsuperconducting blocks. As an example, we list all
candidate solutions of the L = 4 model:

(a) �(2) = 0, |�(1)|2 = |�(3)|2 = c0, fGL = −c2
1/2c2,

(b) �(1) = �(2) = 0, |�(3)|2 = c0, fGL = −c2
1/4c2,

(c) �(1) = �(3) = 0, |�(2)|2 = c0, fGL = −c2
1/4c2,

(d) �(2) = �(3) = 0, |�(1)|2 = c0, fGL = −c2
1/4c2,

(e) �(1) = 0, |�(2)|2 + |�(3)|2 = c0, fGL = −c2
1/4c2,

(f) �(3) = 0, |�(1)|2 + |�(2)|2 = c0, fGL = −c2
1/4c2,

(g) �(1) = �(2) = �(3) = 0, fGL = 0. (12)

All of them contain nonsuperconducting blocks. The solution
(a) has the lowest free energy, which splits the L = 4 structure
into two superconducting blocks separated by a nonsupercon-
ducting block. Then, (b)–(d) reduce the model to a bilayer
model, (e) and (f) reduce it to a trilayer model, and (g) is a non-
superconducting solution. Figure 2 compares the free-energy
density as a function of �(1) = �(3) for different values of
|�(2)|. We see that fGL has the lowest value on the �(2) = 0
curve rather than at a finite �(2).

(5) Among all candidate solutions, the GL decompo-
sition should have the lowest free energy. But since the
bilayer and trilayer superconducting blocks have the same

Δ Δ

Δ

FIG. 2. Free-energy density of the four-layer model with varying
�(1) = �(3) for different values of |�(2)|, showing the minima at
|�(1)| = |�(3)| = c0 on the �(2) = 0 curve. The parameters are h =
0, c1 = −2, and c2 = 1, so that c0 = −c1/2c2 = 1 and the lowest
free-energy density fGL = −c2

1/2c2 = −2.

free energy, minimizing the total free energy requires that
the decomposition contains the largest number of decoupled
superconducting blocks. For even L, this implies L/2 bilayer
superconducting blocks, which gives the only GL solution
with the lowest free energy. For odd L, this gives (L − 3)/2
decoupled bilayer superconducting blocks plus one decou-
pled trilayer superconducting block. We have then (L − 1)/2
equivalent solutions corresponding to different positions of
the trilayer superconducting block. For an intuitive under-
standing, Fig. 3 illustrates the decompositions for L = 2, 3,
4, 5.

(6) For infinite L, if all �(a) are nonzero, the periodicity
|�(a)|2 = |�(a+3m)|2 allows one to simplify the free-energy

FIG. 3. GL decomposition of the multilayer superconductivity
into a series of bilayer and trilayer superconducting blocks sepa-
rated by nonsuperconducting blocks for L = 2, 3, 4, 5. For L = 5,
there exists a second solution with �(3) = 0 and |�(1)|2 + |�(2)|2 =
|�(4)|2 = c0.
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density to a three-block form,

fGL =
3∑

a=1

(c1|�(a)|2 + c2|�(a)|4 + 2c2|�(a)|2|�(a+1)|2),

= c1

3∑
a=1

|�(a)|2 + c2

(
3∑

a=1

|�(a)|2
)2

, (13)

where fGL is the free-energy density for three blocks and we
have defined |�(4)|2 = |�(1)|2. This gives a solution,

|�(1)|2 + |�(2)|2 + |�(3)|2 = c0, (14)

with uncertainty as in the trilayer model. The free-energy
density (for three blocks) is then fGL = −c2

1/4c2, the same
as the bilayer (for one block) and trilayer (for two blocks)
models. This decomposes the whole system into a series of
three-block structures, whose free energy per block is higher
than the bilayer decomposition. Thus, the infinite layer struc-
ture also favors a natural decomposition into a series of bilayer
superconducting blocks.

(7) The above analyses assume h = 0. Including interlayer
hopping gives the Josephson coupling term −h�̄a�(a+1) in
Eq. (7) [10]. For nearly half-filled dz2 orbitals, the interlayer
hopping is strongly renormalized. Its magnitude is propor-
tional to the hole density self-doped into the dz2 bonding
orbital [14]. The parameter h ∝ t2

⊥ is therefore small and
might only induce a weak proximity effect in the nonsuper-
conducting blocks and an even weaker coupling between
neighboring superconducting blocks. As a result, the multi-
layer superconductivity is more as a series of weakly coupled
bilayer and trilayer superconducting junctions. If this is the
case, it might host a high Tc determined mainly by the bilayer
superconducting blocks.

Taking together, we have proved that multilayer supercon-
ductivity with interlayer pairing in an ideal structure would
intrinsically break down into weakly coupled bilayer and
trilayer superconducting blocks to minimize the total free
energy. The bilayer and trilayer structures may therefore
be regarded as the elementary blocks of interlayer pairing
superconductivity. Note that the boundary conditions seem
to play a key role for our conclusion. But this is actually
not the case, as may be seen in the solution for infinite L,
where we have discussed a three-block model with a periodic
boundary condition. Ultimately, it is the number of decoupled
superconducting blocks that plays the key role and should be
maximized to give the lowest total free energy.

Our conclusion may hold for more general situations,
although it is derived for an ideal structure with the
same parameters for all layers. The free-energy density
Eq. (7) is a general consequence of the interlayering pairing
term, �̄

(a)
i �a

i + �̄a
i �

(a)
i . For t⊥ = 0, the |�(a)|2, |�(a)|4, and

|�(a)|2|�(a+1)|2 terms represent all that can appear in the
second- and fourth-order perturbation expansion after inte-
grating out the fermionic degrees of freedom. The h term
represents the second-order contribution from the interlayer
hopping. Thus, our observation reflects a general tendency of
decomposition in multilayer superconductivity with interlayer
pairing, at least on the mean-field perturbative level.

Real materials may also suffer from imbalance between
layers or other material-specific factors, which may alter the
parameters in the free energy and extend Eq. (7) to a more
general form,

fGL =
L−1∑
a=1

[
c(a)

1 |�(a)|2 + c(a)
2 |�(a)|4 + 2c(a)

3 |�(a)|2|�(a+1)|2

− h(a)(�̄a�(a+1) + c.c.)
]
, (15)

in which all parameters c(a)
i and h(a) are layer dependent.

Again, we have defined |�(0)|2 = |�(L)|2 = 0. For h = 0, the
GL solutions can be easily obtained numerically by minimiz-
ing the above free-energy density. If the parameters are not
changed significantly, the solutions should be close to those
of the ideal model. Then, the superconductivity should still
be intrinsically inhomogeneous and block dependent, which
would reduce the superconducting coherence length along the
z axis.

Valence change may invalidate our effective model. In
Lan+1NinO3n+1, the nominal valence of Ni ions is ν = 3 −
1/n, which gives ν = 2.5 for La3Ni2O7, 2.67 for La4Ni3O10,
2.75 for La5Ni4O13, and 3 for LaNiO3. In La3Ni2O7, the
nearly half-filled dz2 orbitals and the nearly quarter-filled
dx2−y2 orbitals provide the pairing and metallic components,
respectively. Their hybridization supports a two-component
scenario for the high-temperature superconductivity [14,15].
However, it remains to see if the variation of the Ni va-
lence with increasing n might cause significant change in the
property of the dz2 electrons and hence alter or even destroy
the interlayer pairing. In any case, exploring possible high-
temperature superconductivity through the interlayer pairing
of dz2 orbitals is still a feasible way to go beyond the cuprate
scenario. Future experiments will overcome these challenging
issues, grow more layered compounds with strong interlayer
coupling, and tune them to achieve desired properties.

Last, we would like to emphasize again the peculiarity of
our proposed minimal effective t-V -J model [14–16]. Differ-
ent from the usual one-band model where the superexchange
mechanism gives most probably a larger J along the larger
hopping direction [46], the t-V -J model separates the hopping
and pairing terms into two hybridized orbitals, and thus allows
for independent control of two key factors of the superconduc-
tivity. This lays the microscopic basis for interlayer pairing
and also points out another route for exploring more high-
temperature superconductors. More investigations may reveal
even richer physics of the t-V -J model [47].

To summarize, we have performed GL analyses of a
multilayer model with interlayer pairing and proved on the
mean-field perturbative level that its superconductivity may
generally decompose into a series of weakly coupled bilayer
and trilayer superconducting blocks in order to minimize its
total free energy. This implies intrinsic inhomogeneity and
order parameter modulation along the z axis. We hope more
elaborate investigations will verify this unique feature of in-
terlayer pairing superconductivity.
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