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Quantum spin liquids (QSLs) host exotic fractionalized magnetic and gauge-field excitations whose
microscopic origins and experimental verification remain frustratingly elusive. In the absence of static
magnetic order, the spin excitation spectrum constitutes the crucial probe of QSL behavior, but its
theoretical computation is a serious challenge. Here we employ state-of-the-art tensor-network methods to
obtain the full dynamical spectral function of the J;-J, kagome Heisenberg model and benchmark our
results by tracking their evolution across the magnetically ordered and QSL phases. Reducing |/,|/J;
causes increasingly strong spin-wave renormalization, flattening these modes then merging them into a
continuum characteristic of deconfined spinons at all finite energies in the QSL. The low-energy continuum
and the occurrence of gap closure at multiple high-symmetry points identify this gapless QSL as the U(1)
Dirac spin liquid. These results establish a unified understanding of spin excitations in highly frustrated
quantum magnets and provide clear spectral fingerprints for experimental detection in candidate kagome

QSL materials.
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Introduction—Quantum spin liquids (QSLs) continue to
attract extensive interest due to their unconventional
properties, which are characterized by long-ranged quan-
tum entanglement rather than conventional magnetic order
at zero temperature, with accompanying fractional spin
excitations [1-3]. QSLs offer exciting prospects for deep-
ening our understanding of strongly correlated electronic
systems, entanglement, topological order, and even error-
protected quantum computation. The kagome lattice, with
its frustrated triangular geometry and low coordination
number, has long been a focal point for exploring the exotic
states of quantum matter, and the S = 1/2 kagome model
with only nearest-neighbor antiferromagnetic Heisenberg
interactions is now widely accepted as hosting a QSL
ground state.

This model presents one of the hardest problems in
quantum magnetism [2,4-8] due to its extensive manifold
of low-lying energy states. Introducing a next-neighbor
coupling (J,) is one of the more revealing ways to lower
the degeneracy of this manifold and hence to track the
emergence of QSL behavior [9-14]. Nevertheless, an
accurate characterization of the spin dynamics remains a
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fundamental challenge. Every numerical method faces
significant limitations in this problem due to the complex
interplay of quantum fluctuations, frustration, and finite
system sizes; although computational studies have pro-
vided valuable insight into the ground-state properties, a
quantitative description of the spectral function at all
energies has not been possible. This is particularly impor-
tant because the excitation spectrum can be measured
directly by techniques including inelastic neutron scattering
(INS) and tunneling spectroscopy, making it a critical link
between theory and experiment.

In this Letter, we present a systematic investigation of the
excitation spectrum in the J;-J, kagome Heisenberg
antiferromagnet (KHAF). We leverage our own recent
developments in single-mode excited-state tensor-network
methods that overcome previous limitations in order to
resolve the full spectrum of low-energy excitations directly
for the infinite system, meaning at all wave vectors. By
controlling J,, we track the evolution of the spectrum from
the ¢ = 0 and /3 x /3 magnetically ordered phases to the
intermediate QSL phase, revealing how the higher-lying
continuum is suppressed into the low-energy magnon
branches, closing the spin gap at the emergence of U(1)
Dirac QSL behavior. By identifying the fundamental
characteristics of the KHAF, our work reveals the spectral
signatures that will be crucial for the experimental iden-
tification of this QSL phase in quantum magnetic materials
realizing the KHAF Hamiltonian.

© 2026 American Physical Society
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FIG. 1. Spin excitation spectra of the J,-J, kagome Heisenberg antiferromagnet (KHAF). (a)—(f) Example spectra in the ¢ =0

magnetically ordered phase (a),(b), the quantum spin-liquid (QSL) phase (c),(d), and the V3 x v/3 ordered phase (e),(f). White lines
show the energy levels obtained from iPEPS calculations. The inset in panel (e) shows the Brillouin zone and the high-symmetry path
followed in our spectra; dashed and solid hexagons mark, respectively, the elementary and extended Brillouin zones. Below the spectra
we represent the phase diagram determined by an iPEPS study of the ground states [13].

Theoretically, substantial efforts have been made to
understand the ground-state properties of the KHAF by
applying the methods of exact diagonalization [4,8,15-17],
the density-matrix renormalization group (DMRG)
[6,7,9,14,18-22], variational Monte Carlo [11,23-28],
and tensor networks [13,29,30]. These studies have uncov-
ered a multiplicity of candidate QSL phases, including
gapped, nonchiral Z, spin liquids [6,9,18-21,31], chiral
spin liquids (CSLs) [9,14,22], and gapless QSLs related
to the U(l) Dirac spin liquid (DSL) [7,11,13,14,23—
25,27,29,30]. This diversity underlines the sensitivity of
KHAF physics and indicates that a definitive characteri-
zation will require working beyond the ground state.
Numerical studies to date have examined the excitation
spectrum of finite-sized systems [8,14,16,28,32-34], with
results highly dependent on system size and boundary

conditions. Efforts to benchmark the spectrum from experi-
ment remain complicated by the fact that no materials yet
available provide a faithful representation of the KHAF,
and we summarize this situation in the End Matter. A high-
precision calculation of the spectral function in the infinite
system is therefore required to clarify the nature of the

kagome QSL.
Model and method—We consider the model
(i) ()

on the kagome lattice with nearest- (J;) and next-neighbor
(J,) Heisenberg interactions. A tensor-network study of the
ground state [13] found a continuous transition from the
“q = 0” ordered phase [Fig. 1] to a gapless QSL at J,/J; =
0.045+£0.01 and a discontinuous transition into the
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“\/3 x \/3” ordered phase at J,/J, = —0.03. Tensor-net-
work methods operate directly in the limit of infinite system
size, which is a major advantage in capturing the key
quantum fluctuation effects, and we stress that strikingly
different phase boundaries are estimated by techniques
restricted to finite systems [10-12,14,34].

The single-mode excitation Ansatz for computing the
spectral function [35-37] within the framework of infinite
projected entangled-pair states (iPEPS) is summarized in
Sec. S1 of the Supplemental Material (SM) [38]. Ground-
state optimization and excited-state calculations are per-
formed using automatic differentiation (AD) [45-47]. This
method obtains excited states with definite momentum
(k) directly, eliminating the spatiotemporal Fourier trans-
forms required in real-time evolution approaches, and
thereby yielding excitation spectra with significantly higher
resolution. The quantities we calculate are the equal-time
spin structure factor,

S(k) =) se(k) with $%(k) = (0[S S0),  (2)

a

where a, f = x, y, z, and the spin excitation spectrum,

S(k.w)=> S“(k,w) with (3)

§%(k, w) = (0|5, 8(w — H + Eg) Sk |0). (4)

The discrete energy levels we obtain are shown by the white
lines in Fig. 1 and in postprocessing our data we apply a
Lorentzian broadening factor, 7, for display purposes, as
well as to model an experimental spectral function mea-
sured with finite energy resolution.

For the present work, we have developed a number of
methodological improvements that speed up our calculations
by over 2 orders of magnitude. As described in Sec. S2 of the
SM [38], by the reuse of CTMRG projectors [46-48] we
achieve efficient parallelization, which we accelerate further
by introducing a new fixed-point CTMRG method. This
progress allows us to implement systematic spectral-function
calculations over the entire Brillouin zone and over a wide
range of J,/J . The iPEPS truncation parameter is the tensor
bond dimension, D, and finite-D calculations always return a
gapped spectrum, from which the intrinsic physics is
deduced by extrapolation [13]. Our present calculations
allow us to benchmark gapped spectra at fixed D by
comparing different J, values (below). At fixed J,, we show
a systematic comparison of finite-D spectra in Sec. S3 of the
SM [38]. In Sec. S4 [38] we demonstrate that the broadening
n cannot close gaps or shift spectral weight, but acts only to
round the spectral features. In the figures to follow we use
D =4 and n = 0.02J, unless otherwise stated.

Results—Figure 1 illustrates the evolution of the spin
excitation spectrum across the J,/J; phase diagram

Intensity (arb. units)
0 2 4 6 8 10

FIG. 2. Spin structure factor of the KHAF at J, = 0. (a) Equal-
time structure factor shown over the entire Brillouin zone. (b)-
(d) Dynamic structure factors shown for @ = 0.3J; (b), 0.7/, (¢),
and 1.0J, (d).

(spectra for more J, values are shown in Sec. S5 of the
SM [38]). Deep in the ¢ = 0 ordered phase [/, = 0.4,
Fig. 1(a)] we observe three spin-wave branches with a band
width of order J, the lowest (the Goldstone mode) having a
finite-D gap at the M point. As J, is decreased toward the
QSL regime [J, = 0.1, Fig. 1(b)], the three branches not
only exhibit a strongly downward energetic renormaliza-
tion but the dense manifold of higher-lying states begins to
cross the third branch. The lowest branch forms an almost
flat band along K-K’ and we remark on the persistence of
the symmetry-protected crossings between the second and
third spin-wave branches (also referred to as Dirac mag-
nons [49]) at the K and K’ points. The ability to resolve
these crossings, which are a consequence of reflection and
time-reversal symmetries, highlights the accuracy of our
tensor-network methods.

At the onset of the QSL [/, = 0.05, Fig. 1(c)], the
spectrum continues its net downward shift and the dense
level manifold has fully dispersed spectral weight, which is
characteristic of a continuum. As this continuum merges with
the upper edge of the low-energy branches, we observe that
the minimum of the second-lowest branch approaches the
lowest (flat) branch at the M” point. This behavior is
qualitatively different from spin-wave theory, in which the
second branch approaches the third, merging with it at
J, = 0 (Sec. S7 of the SM [38]).

The same trends continue at the nearest-neighbor
kagome point [J, =0, Fig. 1(d)], with the continuum
descending below @ = 0.25J, at all wave vectors and the
lowest branch becoming flat at an energy, @ < 0.1Jy,
below our finite-D gap, which we benchmark below. A
small negative J, compresses the spectrum yet more
(Fig. S7 of the SM [38]), but further reduction of J, drives
a first-order transition into the \/§ X \/§ ordered phase
[13]. This causes a rapid reemergence of sharp spin-wave
excitations [Fig. 1(e)], with the Goldstone mode appearing
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at K rather than M, and a rapid recovery of their
renormalized energy scale toward J; [Fig. 1(f)].

Before proceeding to a quantitative analysis of the low-
energy spectrum, in Fig. 2 we characterize the spectral
function of the QSL throughout the Brillouin zone by
showing equal-time and dynamic structure factors at
constant energy for J, = 0. The equal-time structure factor
[Fig. 2(a)] has maximal weight at the M point, but strong
diffuse intensity spreads along the entire Brillouin-zone
boundary. This behavior is in sharp contrast to the ordered
phases, where one finds a single dominant peak, either at M

in the ¢ = 0 phase or at K in the v/3 x v/3 phase; for
completeness we show the equal-time structure factor
around the high-symmetry path in Sec. S1 of the SM
[38] and for a wide range of J, values in Sec. S6.

Turning to the dynamic structure factor, at low energies
the spectral weight covers an extended but well bounded
region around M [Fig. 2(b)]. At energies above the lowest
branches, the weight becomes nearly uniform and continu-
ous around the Brillouin-zone boundary [Fig. 2(c)]. While
this result is reminiscent of some experimental observations
[50,51], moving to still higher energies [Fig. 2(d)] con-
centrates spectral weight at K, which may be a signature
useful for future measurements.

The gapped or gapless nature of the QSL in the KHAF
remains under intense debate. To determine its intrinsic
nature from finite-D spectral data, we first perform a bond-
dimension analysis of the gap for the J, = 0 case, shown in
Fig. 3(a). The gaps at M and M’ (with M” symmetry-
equivalent to M) decrease as D is increased, following A «
1/D within the error bars, which indicates that the QSL is
indeed gapless in the large-D limit. By contrast, the energy
at K increases with D, and in Fig. 3(a) we apply a linear
extrapolation to obtain an upper bound on the width of the
lowest band.

As an alternative benchmarking approach, in Fig. 3(b)
we analyze the evolution of Ay; and Ayy as functions of J,.
At J,/J, > 0.05, in the ¢ = 0 phase, the system has a
gapless Goldstone mode at M as SU(2) spin symmetry is
broken (this mode has finite energy at M’ and M”). Hence
the entire blue (Ay) line in Fig. 3(b) is a finite-D gap. The
fact that Ay, takes its smallest values for J,/J; < 0.05
indicates that the QSL is indeed gapless, and we take this
Ayp value as the criterion defining gap closure. Beyond
Fig. 3(a), the fact that the M’-point gap falls below the
finite-D gap (Ayy) near J,/J = 0.05 in Fig. 3(b) is another
criterion for concluding that the M-, M’-, and M"-point
gaps all vanish simultaneously upon entering the QSL. The
lowest excitation going to zero simultaneously at the M,
M, and M” points is a primary hallmark of the U(1) DSL
[23,26,27] and of crystal momentum fractionalization [26].
The equal-time structure factor of Fig. 2(a) also matches
projected-wave-function results obtained for the U(1) DSL
[26,27], but is incompatible with alternatives including a
gapped QSL and a spinon Fermi-surface QSL.
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FIG. 3. Properties of the low-energy spectrum. (a) Energy gaps

at the M, M/, and K points in the J, =0 KHAF shown as
functions of 1/D. Error bars for Ay represent the variation
between M’ points (the Ansatz does not preserve the C;
symmetry making these equivalent). Dashed lines are guides
to the eye. (b) Energy gaps at M and M’ computed as functions of
J, with D = 4. (c) Lowest excitation energy calculated around
the high-symmetry path in the Brillouin zone for a range of J,
values with D = 4. (d) Spin excitation spectra at fixed energy
@ = 0.3J; shown on the same path for the same J, and D values.

In Fig. 3(c) we show the dispersion of the lowest
excitation branch for a sequence of decreasing J, values.
The band width is suppressed continuously until at J, = 0
we find an essentially flat band at the finite-D gap. The
emergence around J,/J; = 0.05 of a cusp at M” is a finite-
D effect, with M” becoming the local minimum at higher D
(Fig. S4 of the SM [38]). In Fig. 3(d) we show that the
constant-energy spectrum at @ = 0.3/, has two sharp spin-
wave peaks near M when the system is well in the g =0
ordered phase. As J, is decreased, the peak intensities are
suppressed systematically, while the spectral weight at the
M point itself grows, until a broad feature centered at M
emerges as the signature of the QSL.
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Discussion—The key to a meaningful analysis of QSL
properties based on numerical data is achieving a quanti-
tative definition of the terms “gap” and ‘“‘continuum.”
Previous studies of ordered magnetic states by the sin-
gle-mode iPEPS Ansatz [37,46,52-55] demonstrated that
the finite-D gap falls systematically with increasing D,
restoring the gapless Goldstone mode. With this insight,
our ability to scan D over a narrow range and J, over a wide
range allows us to establish a quantitative criterion for both
the finite-D gap and the gap Ay, and hence to deduce the
gapless and U(1) Dirac nature of the QSL.

Defining a continuum is a more delicate issue. Tensor-
network methods are based on gapped systems and always
return a spectrum of integer-spin excitations. The claim that
this spectrum is only an effective description of a gapless
QSL, which has deconfined AS = 1/2 excitations (spi-
nons), is a two-part argument. First, the spectral functions
in Figs. 1(b)-1(e) show unbroken series of densely packed
lines (a spacing below 0.02J, less still at D = 5 in Fig. S3
of the SM [38]) at all energies above the lowest three
branches. There is no intensity hierarchy of the type
expected from two- and higher-magnon continua [46].
Thus these have a clear physical interpretation as the edge
of a continuum marking the onset of spinon deconfinement
above a finite energy threshold that is both remarkably low
[0.2J, at J,/J; = —0.02, Fig. S7(j) of the SM [38]] and
remarkably insensitive to the wave vector (presumably as a
consequence of the very flat bands appearing in the KHAF
problem). Second, these continua must extend to zero
energy at the gapless points. Although we cannot observe
this, because the entire lowest band lies at or below our
finite-D gap [approximately 0.08/;; Fig. 1(d)], we have
deduced that this band is massless at M, M/, and M”, while
retaining a robust dispersion to an upper band edge close to
the finite-D gap. Gap closure at these fractions of the
Brillouin-zone dimensions cannot be a property of a real
AS =1 excitation, and hence we deduce that the low-
energy spectrum must have developed into a continuum
above the lowest band, as expected for a U(1) DSL.

The most distinctive features of our QSL spectra
[Figs. 1(c) and 1(d)] are (i) strong spectral weight at the
finite-D gap and (ii) the continuum at all wave vectors
above a very low energy threshold. Property (i) is not
shared by any fully gapped QSL, or by a Kitaev-type Z,
QSL [56], where a single Majorana mode is gapless but the
spin response is gapped. However, it is a property of the U
(1) DSL, whose low-energy physics is governed by four
flavors of two-component Dirac fermion coupled to a U(1)
gauge field [23]. Property (ii) alone does not help to
classify the QSL phase, but does offer a plausibility
argument for why wave-vector-resolved measurements
may perceive a full gap. The ongoing debate between
gapped and gapless QSLs in the KHAF was shaped by
early DMRG studies finding a full gap, and we comment on
this in the End Matter. A projective symmetry-group (PSG)

analysis of mean-field states in the KHAF found only one
gapped Z, state, classified as Z,[0, z|f, whose energy is
competitive with the U(1) Dirac QSL (which is its parent
state) [57]. However, detailed studies found very few
differences between the physical properties of these two
states [11,27], including a gapless spin response for the
Z,|0, x| state, raising the possibility that the PSG mean-
field classification may not be appropriate for the KHAF
problem. Thus one expects that a gapless QSL in the KHAF
can only be the U(1) DSL [23,58,59], and this is confirmed
by our result for the M, M/, and M” gaps.

We remark in closing that, by the nature of the tensor-
network Ansatz, our results are highly indicative rather than
definitive. Our limitations lie in the “finite-size effect” of
the bond dimension, D, which we can vary over only a
small range (that is nevertheless sufficient to identify the
lowest band and to reveal the continuum). We also applied a
level-broadening factor, #, for visualization purposes, and
verified that it has no effect on the overall spectral-weight
distribution. Our advantages for deducing the intrinsic
underlying physics lie in the systematic coverage of energy,
wave vector, and J, that gives a maximum of certainty to
our statements. As the key example, varying J, allowed us
to benchmark the finite-D gap and hence to make a definite
statement that the QSL in the KHAF is gapless.

In summary, we have developed state-of-the-art tensor-
network methods to investigate the spin excitation spec-
trum of the kagome Heisenberg model, using the next-
neighbor coupling to control the evolution from the g = 0
and /3 x /3 magnetically ordered phases into the inter-
mediate QSL regime. In the ordered phases, we compute
accurate magnon (and multimagnon) branches lying below
a near-uniform continuum, which drives strong quantum
renormalization far below the predictions of spin-wave
theory. In the QSL phase, we quantify the spectral-weight
distribution across the Brillouin zone, finding a broad
low-energy feature centered at the M point, a uniform
intermediate-energy continuum, and high-energy intensity
largely around K. By analyzing the evolution of the low-
energy spectrum with D and J,, we identify vanishing gaps
at M, M’, and M" in the QSL phase, indicating a gapless
U(1) Dirac spin liquid. Beyond advancing the understand-
ing of kagome QSLs and offering guidance to future
experiments on candidate KHAF materials, our results
open a wealth of possibilities for the exploration of exotic
quantum states through their spectral functions.
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End Matter

Experiment—Several S = 1/2 antiferromagnets with
kagome geometry have been synthesized, including
ZnCu3(OH)4Cl, (herbertsmithite) [61], Cu;Zn(OH)FBr
(Zn-barlowite) [62], ZnCu3(OH)sSO4 (Zn-brochantite)
[63], and YCu3(OH)ssBr,s (YCOB) [64,65]. INS
measurements on some of these materials [50,51,66,67]
have found broad excitation continua, which are a
generic hallmark of fractionalized excitations. However,
an interpretation is complicated by the prevalence of
ionic site disorder in most of these systems, which can
obscure or mimic the signatures of fractionalization.
Further, Cu’>" ions in a triangular geometry have
unavoidable Dzyaloshinskii-Moriya (DM) interactions
[68], as well as possible further-neighbor Heisenberg
interactions [69]. Both terms act to stabilize magnetically
ordered states, most notably the coplanar ¢ =0 and

V3 x v/3 ordering patterns [13,70], and to modify the
spectrum accessible to INS.

Experimental efforts over the past decade have
focused on eliminating site disorder [65] and reducing
the DM term [62]. A recent study of Zn-barlowite
favored the interpretation as a gapped QSL [51] applied
to early studies of herbertsmithite [50]. By contrast,
further recent work on a YCOB derivative with counter-
ion site disorder reported the observation of Dirac cones,
and hence of a gapless QSL, albeit with the cones
appearing at the K’ points [67]. Given the persisting
discrepancies between the paradigm model and the spin
Hamiltonians of these materials, we do not attempt to
use our spectral functions for modeling purposes, but
contribute instead by offering a deeper understanding of
the intrinsic spin dynamics of the J;-J, KHAF in both its

ordered and QSL phases as a guide for future materials
discovery and INS experiment.

DMRG comparison—Early evidence in favor of a
gapped QSL in the KHAF with only nearest-neighbor
interactions came from DMRG results obtained for
relatively narrow cylinders [6,9,18-21]. More recent
DMRG studies are divided among the scenarios of the
fully gapped Z, QSL [31], the gapped CSL [22], and a
gapless (Dirac-cone) spinon spectrum [7,14]. Because
DMRG, like tensor-network approaches, is based on
matrix-product states, both methods share the weakness
noted in the main text that a gapped spectrum is an
intrinsic feature and the challenge is to deduce the
underlying physics from this.

The essential qualitative property of our tensor-network
method is that we work on the infinite system, thereby
capturing the full two-dimensional reciprocal space with no
bias. To the extent that the physics of the U(1) DSL involves
optimizing the kinetic energy of nearly-free spinonic qua-
siparticles, it is eminently possible that the restriction to only
few wave vectors around the DMRG cylinder may constitute
a strong bias. We draw attention once again to the very
different QSL phase boundaries in J, obtained in our work
[13] and by finite-system methods [12,14,34], which indicate
that the two approaches are studying a quite different phase
competition. (This may not come as a total surprise, given the
extremely delicate nature of the KHAF problem). We assert
that any results obtained for the infinite system have an
intrinsic advantage and justify this statement from the
accuracy of the spectral functions we obtained at all energies
in the g = 0 ordered phase near the continuous J,-driven
transition to the QSL.
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