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Odd-even effects are a generic feature of nonlinear physics, as odd- and even-order responses obey
distinct symmetry conditions and reflect different aspects of electronic quantum geometry. With profound
implications for both fundamental science and transformative applications, nonlinear Hall effects (NLHESs)
have garnered intense interest in recent years, yet their odd-even parity remains elusive. Here, we report the
observation of NLHE odd-even effects in bilayer graphene by engineering symmetry breaking. We
demonstrate that even-order NLHEs necessitate an out-of-plane electric field to break inversion symmetry,
whereas odd-order NLHESs require a perpendicular magnetic field to break vertical mirror planes in bilayer
graphene. Interestingly, upon applying an out-of-plane magnetic field, we observe a new contribution to
even-order NLHESs that increases linearly with field strength. By contrast, the magnetocontribution to odd-
order NLHESs is dominated by a higher-order cubic scaling in magnetic field strength. Furthermore, both
even- and odd-order NLHEs are strongly enhanced by Landau level formation, and the broken-symmetry
Landau levels at filling factors v = 1, £2 can be clearly distinguished in the NLHE signals. These
findings highlight that NLHEs are more sensitive to geometric and topological properties (e.g., Berry
curvature hotspots) and symmetry breaking states than linear transport. Our work reveals the odd-even
effects of NLHEs in bilayer graphene as well as electric and magnetic control of NLHEs with previously
unexplored magnetocontributions, deepening the fundamental understanding of nonlinear transport and

opening pathways toward technological advances in nonlinear electronics.
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Nonlinear effects offer powerful probes of the physical
properties of materials beyond the linear responses, and
constitute one of the most important research domains
within condensed-matter physics, modern optics, and
materials science [1-6]. In addition to the widely studied
nonlinear optics, recent advances have opened a new
branch of nonlinear physics, i.e., the emergent nonlinear
electrical transport such as nonlinear Hall effect (NLHE)
[3-5,7-19]. Notably, nonlinear transport can go beyond the
constraint of linear charge transport and presents novel
avenues to probe various quantum geometric properties of
Bloch electrons. For example, by employing second- and
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third-order NLHESs, nontrivial band geometric and topo-
logical features, which are not accessible by linear trans-
port, such as Berry-connection polarizability, Berry
curvature dipoles, quadrupoles, and quantum metrics
[13,14,16-18,20-38], have been demystified. Nonlinear
electrical transport also opens up extraordinary opportu-
nities to transform the landscape of a wide range of
technological applications, e.g., Néel vector detection,
wireless microwave detection, high-frequency rectification,
topological memory, superconducting diodes, and energy-
harvesting devices [12,24,32-34,39-47].

Nonlinear responses typically exhibit odd-even effects,
as odd- and even-order nonlinear effects are fundamentally
rooted in distinct symmetry breaking and usually involve
different material properties [2,6,48,49]. For instance, in
nonlinear optics, it is well known that even-order harmonic
generations in the electric dipole approximation necessitate
the breaking of inversion symmetry, whereas their

© 2026 American Physical Society
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odd-order counterparts do not [48—51]. One may naturally
ask whether a similar phenomenon also occurs in nonlinear
transport. In this Letter, we demonstrate the odd-even
effects of NLHEs in a bilayer graphene system by engineer-
ing symmetry breaking. Breaking inversion symmetry by
an out-of-plane gate electric field generates even-order
NLHEs, whereas odd-order NLHEs requires a per-
pendicular magnetic field (B) to break the vertical mirror
planes of bilayer graphene. Notably, applying a magnetic
field induces new linear-in-B contributions to even-order
NLHEs. By contrast, odd-order NLHEs are dominated by a
higher-order magnetocontribution with cubic scaling in B.
Furthermore, we find that NLHEs are strongly enhanced by
the Landau level formation, with the broken-symmetry
Landau levels of v = +1, £2 clearly distinguishable in the
NLHE signals, implying a strong influence of Landau
quantization and interaction effects on nonlinear transport.

Electric  control of even-order ~NLHEs—High-
quality, hexagonal boron nitride (4-BN) encapsulated
dual-gate bilayer graphene devices are fabricated by a
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dry layer-by-layer transfer-and-stack technique (see
Supplemental Material [52]). Figure 1(a) illustrates sche-
matically the device structure. Few-layer graphene (Au) is
used as the bottom (top) gate electrode to independently
tune the carrier density (n) and out-of-plane displacement
field (D). Notably, D can engineer the inversion symmetry
breaking of bilayer graphene, which is required for even-
order nonlinear effects. In experiment, the mth-order
NLHEs are measured using a standard lock-in technique
[Fig. 1(b)], where an ac driving current /” = [ sin(w?) with
oscillating frequency w is applied and the transverse Hall
voltages V7 at harmonic frequencies me are recorded
(Supplemental Material [52]).

Figure 1(c) presents the second- to fifth-order NLHEs
measured under zero magnetic field and a displacement
field of D =40 mV/nm. Importantly, prominent even-
order NLHEs including second- and fourth-order
responses, are observed. By contrast, odd-order NLHEs,
i.e., the third- and fifth-order effects, are negligible. This
indicates that even- and odd-order NLHEs are constrained
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FIG. 1.

Electric control of even-order NLHEs. (a) Schematic of #-BN encapsulated dual-gate bilayer graphene device (BLG, bilayer

graphene; FLG, few-layer graphene). (b) Schematic of NLHE measurement in a Hall bar structure. (c) NLHE responses versus driving
currents under D = 40 mV/nm and zero B. ij" has been divided by a factor of 10. (d),(e) ij’ (d) and V‘,‘j’ (e) as a function of driving
currents. Solid lines are quadratic (d) and quartic fitting (e). The insets show the electrode geometry for measurements. The current is
injected from the S to D electrodes and the voltage is measured between the A and B electrodes. (f),(g) Color maps of V2 (f) and V4§
(g) against D and n. (h),(i) V%,“’ (h) and V‘,‘}” (i) versus D. Inset: Berry curvature as a function of the energy gap A.

186302-2



PHYSICAL REVIEW LETTERS 137, 186302 (2026)

by different symmetry breakings, in resemblance to non-
linear optics [48,49]. V¥ (V) exhibits a parabolic
(quartic) dependence on the excitation currents, and retains
its sign upon reversal of the driving current direction
[Figs. 1(d) and 1(e)], confirming the intrinsic even-order
nonlinear nature [1,48,49]. It is noteworthy that potential
measurement artifacts, e.g., spurious capacitive coupling,
Schottky diode effects, and misalignments of the Hall bar
arms, are precluded by the driving frequency-independent
responses, linear dependence on [ of linear longitudinal
voltage V¢, and negligible linear Hall response V¢
(Supplemental Material, Fig. 1 [52]). Figures 1(f) and 1(g),
respectively, plot the color maps of second- and fourth-
order NLHEs against D and n. Intriguingly, both V” and
V1 show pronounced peaks near the band edges (dashed
lines, corroborated by linear longitudinal resistance map-
ping, Supplemental Material, Fig. 2 [52]) and switch their
sign between hole and electron sides. Figures 1(h) and 1(i)
display the evolution of V2 and V4 with D, respectively.
Notably, V3 and V¥ show a nonmonotonic dependence
on D: they are nearly zero at D = 0, and exhibit a rapid rise
followed by a decline with increasing D.

The above experimental observations demonstrate the
electrically controlled even-order NLHE responses in
bilayer graphene. At D = 0, inversion symmetry is pre-
served in bilayer graphene, thus forbidding any even-order
NLHE:S [1,48,49]. Upon applying a finite D, the inversion
symmetry of bilayer graphene is broken, generating even-
order NLHEs (please refer to symmetry analysis in

(©)

Supplemental Material [52]). Notably, for bilayer graphene,
the gate electric field opens a band gap proportional to D at
K and K’ points, resulting in strong Berry curvature
hotspots at the band edges (Supplemental Material,
Fig. 3 [52]). Since Berry curvature underlies the chiral
motion of Bloch electrons as well as the chiral scattering
contributions such as side jump and skew scattering
[21,39,45], this feature explains the strong response peaks
near the band edges observed in Figs. 1(f) and 1(g). As for
the nonmonotonic dependence of NLHEs on D, it can be
understood by considering the following two competing
factors. First, since the even-order NLHEs require finite D
to break inversion symmetry, the NLHE signals should
increase with D around D = 0. Second, it is known that the
magnitude of Berry curvature would decrease with the band
gap, i.e., with the increase of D [inset of Fig. 1(i)]. The
competition between these two factors explains the non-
monotonic trend in Figs. 1(h) and 1(i).

Magnetic control of even-order NLHEs—Beyond the
electric control of NLHEs, magnetic fields also offer
opportunities to engineer NLHEs. Figure 2(a) plots the
color map of V3’ against B and n (please refer to the
corresponding line slices in Supplemental Material, Figs. 4
and 5 [52]). Unless otherwise specified, the magnetic field
is applied in the out-of-plane direction. Intriguingly, two
prominent features are observed. First, V#’ shows a
Landau-fan-like feature and is strongly enhanced by
triggering the formation of Landau levels (highlighted by
dotted lines). Moreover, broken-symmetry Landau levels of
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FIG. 2. Magnetic control of even-order NLHEs. (a) Color maps of V’ as a function of B and n measured at / = 200 nA and
D = 40 mV/nm. Solid lines are line cuts at B = 0, =1 T. Dashed lines track the Landau levels. (b) B-dependent V%,‘”. (c),(d) Color
maps of V2 (c) and V2¢ (d) as a function of B and n. (¢) V2 (black) and V2¢ (red) versus B. (f) V2® as a function of the square of driving

currents.
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v = +2 are clearly distinguishable in V2, yet absent in the
linear Hall and longitudinal resistance responses
(Supplemental Material, Fig. 6 [52]). Note that the dashed
lines marking the Landau levels are determined from the
n-B diagram according to the Streda formula v =
(h/e)[1/(0B/on)] [63]. Normally, in a noninteracting
bilayer graphene, the sequence of filling factors is given
by v = £4N, and values observed beyond these are often
signal of broken-symmetry states [64,65]. Our observation
here suggests that NLHEs are more susceptible to Landau
level formation and offers a more sensitive probe of broken-
symmetry states. It is noteworthy that V2 scales quad-
ratically with driving currents under all magnetic field
conditions, consistent with the nature of second-order
NLHE (Supplemental Material, Fig. 7 [52]). Second, near
the neutral Dirac point and under relatively low B (< 1 T),
where Landau levels do not form, V#” exhibits a linear
dependence on B with a nonzero intercept [Fig. 2(b)].
This suggests that VZ’ contains two contributions and
can be phenomenologically described as V’ = o?*[1”]>+
A*“[1”)*>B. The former B-independent term corresponds to
conventional contributions discussed above in Fig. 1, while
the latter, which scales linearly with B, accounts for a new
contribution. To extract the B-independent and B-depen-
dent terms, symmetric and antisymmetric operations are
performed: V¥ =1[V3#’(B) + Vi(—B)] = a®”[I”]* and
Ve =1V (B) — Vi (—B)] = p**[I”]*B. Figures 2(c)
and 2(d) plot, respectively, the color map of V2¢ and
V2@ against B and n. Near neutral Dirac points and under

(b)

low B, V2 remains nearly unchanged, while V2 increases
linearly with B [Fig. 2(e)]. Notably, the newly identified
magneto-NLHE contribution V2 exhibits a linear scaling
with the square of excitation currents across all magnetic
fields [Fig. 2(f)], confirming the intrinsic second-order
nonlinear nature.

The analogous B-induced behavior is also found for
fourth-order NLHE, such as signal enhancement triggered
by Landau level formation and the new contribution scaling
linearly with B (Supplemental Material, Fig. 8 [52]).
Interestingly, additional broken-symmetry states at v =
41 are observed for fourth-order NLHE, underscoring that
higher-order NLHEs may be more susceptible to broken-
symmetry states and the underlying properties of a material.

Magnetic control of odd-order NLHEs—As noted in
Fig. 1(c), odd-order NLHEs, in contrast to even-order ones,
are suppressed in bilayer graphene in the absence of
magnetic fields even under nonzero gate electric fields.
This is a consequence of the crystal symmetry of bilayer
graphene. Without D, bilayer graphene (Bernal stacking)
has a point group of D5,. Under an applied D, the inversion
symmetry is broken, and the point group is reduced to Cjs,,
consisting of threefold rotational symmetry and three
vertical mirror planes. This symmetry, however, still for-
bids the odd-order NLHEs, such as V3 and V3¢ studied
here. By breaking the vertical mirror planes, an out-of-
plane magnetic field can induce odd-order NLHEs in
bilayer graphene (please refer to detailed symmetry analy-
sis in Supplemental Material [52]). This expectation is
confirmed by our experiment. Figure 3(a) shows the
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FIG. 3. Magnetic control of odd-order NLHEs. (a) V?;" as a function of n at B=0,+1 T. (b) Color map of V;}" against B and n
measured at I = 200 nA and D = 40 mV/nm. Dashed lines track the Landau levels. (c) V3¢ as a function of B. Black line is the fitting
result, where @ = —0.458 pV/T, f = —0.555 pV/T3. (d) V3¢ as a function of n at B = 0, 1 T. (e) Color map of V3{” against B and n
measured at / = 400 nA and D = 40 mV/nm. (f) V3¥ as a function of B. Black line is the cubic fitting result.
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third-order NLHE response V3¢ under out-of-plane fields
B=0,+1T. One can see nonvanishing V3’ emerges
and exhibits opposite signs for positive and negative B.
Figure 3(b) presents a color map of V3 as a function of B
and n. In close resemblance to even-order NLHEs, the third-
order NLHE responses are strongly enhanced by triggering
Landau level formation, with broken-symmetry states
observed at v = +1, £2. V?,‘” exhibits a cubic dependence
on the driving electric fields (Supplemental Material,
Fig. 9 [52]), confirming its third-order nonlinear nature.
Figure 3(c) shows the B dependence of V3. In stark
contrast to the linear B dependence of VZ” and V4°, V3¢
exhibits pronounced nonlinearity, thus indicating high-order
effect with respect to B. By carefully examining the data, we
find that V3 can be fitted well by V3¥ = o**[I”]*B +
A[1”)>B* [black line, Fig. 3(c)]. To our best knowledge,
such unusual B3 behavior represents a hitherto unexplored
effect in NLHEs and has not been reported before.

Furthermore, we underscore that analogous B-controlled
characteristics are also observed for fifth-order NLHEs,
encompassing a B> dependence and response enhancement
driven by Landau level formation (Figs. 3(d)-3(f) and
Supplemental Material, Fig. 10 [52]). We highlight that for
fifth-order NLHE, V3¢ is almost entirely contributed by the
B3 component [black line, Fig. 3(f)], while the B-linear
component is found to be negligible. Odd-order NLHEs
driven by magnetic-field-induced symmetry breaking con-
stitute a universal behavior applicable not only to bilayer
graphene but also to a broad range of material systems. For
example, by breaking time-reversal symmetry with an
external magnetic field, odd-order NLHEs arising intrinsi-
cally from Berry curvature multipoles can emerge in
nonmagnetic materials [36,66].

To clarify the underlying origin of B-induced NLHEs,
we have performed scaling analysis. By carefully examin-
ing the scaling behavior, we find that ¢2”/B can be
perfectly fit by a quartic scaling relation 62¢/B &}, with
negligibly small intercepts (Supplemental Material, Fig. 12
[52]). Such unconventional quartic scaling behavior is
consistent with recent theoretical prediction as well as
experimental observation, and suggests that Lorentz skew
scattering, emerging from the interplay of classical Lorentz
force and quantum skew scattering, may underpin the
B-induced NLHEs [53-55]. For higher-order NLHESs, such
as third-, fourth- and fifth-order NLHESs, although similar
quartic scaling can also be observed (Supplemental
Material, Fig. 13 [52]), the question of whether the
mechanism is the same as that of the second-order
NLHESs requires further theoretical calculations.

Conclusion—In conclusion, we demonstrate the odd-
even effect of NLHEs in bilayer graphene through engi-
neered symmetry breaking. Notably, even- and odd-order
NLHEs are governed by distinct symmetry constraints:
even-order NLHEs arise upon inversion symmetry

breaking induced by out-of-plane electric fields, whereas
odd-order NLHEs require magnetic-field-driven breaking
of mirror-plane symmetry. The magnetocontribution to
even-order NLHEs scales linearly with field strength, in
contrast to odd-order NLHEs, which exhibit a previously
unexplored higher-order response dominated by cubic
scaling. Furthermore, both even- and odd-order NLHEs
are strongly enhanced by Landau level formation, with
broken-symmetry Landau levels at filling factors v = +1,
42 clearly distinguishable in the NLHE signals. Our work
demonstrates the NLHE odd-even effects and the feasibility
of strong electric and magnetic control of NLHEs, while
highlighting their potential as sensitive probes of broken-
symmetry states and band geometry and topology (such as
Berry curvature hotspots). These findings advance our
understanding of NLHEs and open pathways toward
transformative applications in low-dissipation rectifiers
and efficient nonreciprocal devices.
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